Abstract. We construct explicit Drinfel'd twists of Jordanian type for the generalized Cartan type K Lie algebras in characteristic 0 and obtain the corresponding quantizations, especially their integral forms. By making modular reductions including modulo p and modulo p-restrictedness reduction, and base changes, we derive certain modular quantizations of the restricted universal enveloping algebra u(K(2n+1; 1)) for the restricted simple This paper is a continuation of [14, 15, 28] in which quantizations of Cartan type Lie algebras of types W, S and H were studied. In the present paper, we continue to treat the same questions both for the generalized Cartan type K Lie algebras in characteristic 0 (for the definition, see [24] ) and for the restricted simple contact algebra K(2n+1; 1) of Cartan type K in the modular case (for the definition, see [25] , [26] ). This work, together with papers [14, 15, 28], completes the work of this kinds of modular quantizations of Jordanian type for the Cartan type Lie algebras over a field K with char (K) ≥ 7.
defined by differential operators. Grunspan [13] obtained the quantization of the (infinitedimensional) Witt algebra W in characteristic 0 using the twist due to Giaquinto-Zhang [11] , however, his approach didn't work for the quantum version of its simple modular Witt algebra W(1; 1) in characteristic p. Hu-Wang in [14] obtained the quantizations of the generalized Witt algebra W in characteristic 0 and the Jacobson-Witt algebra W(n; 1) in characteristic p; these are new families of noncommutative and noncocommutative Hopf algebras of dimension p 1+np n in characteristic p, while in rank 1 case, the work not only recovered Grunspan's one in characteristic 0, but also gave the correct modular quantum version. Note that the concept of "modular" quantization and relevant methods were settled in the work [14] and [15] (also see [28] ).
Although, in principle, the possibility to quantize an arbitrary Lie bialgebra has been proved ( [7, 8, 6 , 9, 10], etc.), an explicit formulation of Hopf operations remains nontrivial. In particular, only a few kinds of twists were known with explicit expressions, see [11, 17, 18, 21, 23 ] and the references therein. In this research, we start with an explicit Drinfel'd twist due to [11, 13] and in fact, this Drinfel'd twist is essentially a variation (see the proof in [15] ) of the Jordanian twist which first appeared, using different expression, in Coll-Gerstenhaber-Giaquinto's paper [3] , and recently used extensively by Kulish et al (see [17, 18] , etc.). Using this explicit Drinfel'd twist we obtain vertical basic twists and horizontal basic twists for the generalized Cartan type K Lie algebras and the corresponding quantizations in characteristic 0. These basic twists can afford many more Drinfel'd twists, likewise on types W, S , H. To study the modular case, what we discuss first involves the arithmetic property of quantizations, for working out their quantization integral forms. To this end, we have to work over the so-called "positive" part subalgebra K + of the generalized Cartan type K Lie algebra. This is the crucial observation here. It is an infinite-dimensional simple Lie algebra defined over a field of characteristic 0, while, over a field of characteristic p, it contains a maximal ideal J 1 and the corresponding quotient is exactly the algebra K ′ (2n+1; 1). Its derived subalgebra K(2n+1; 1) = K ′ (2n+1; 1) (1) is a Cartan type restricted simple modular Lie algebra of K type. Secondly, in order to yield the expected finite-dimensional quantizations of the restricted universal enveloping algebra of the Contact algebra K(2n+1; 1), we need to carry out the modular reduction process: modulo p reduction and modulo "p-restrictedness" reduction, during which we have to take the suitable base changes. These are the other two crucial technical points. Our work gives a new class of noncommutative and noncocommutative Hopf algebras of prime-power dimension in characteristic p, which is significant to recognize the Kaplansky's problem. The paper is organized as follows. In Section 1, we recall some definitions and basic facts related to the Cartan type K Lie algebra and Drinfel'd twist. In Section 2, we construct the Drinfel'd twists for the generalized Cartan type K Lie algebra, including vertical basic twists and horizontal basic twists. In Section 3, we quantize explicitly Lie bialgebra structures of the generalized Cartan type K Lie algebra by the vertical basic Drinfel'd twists, and using the similar methods as in type H, we obtain the quantizations of the restricted universal enveloping algebra of the Contact algebra K(2n+1; 1). In Section 4, using the horizontal twists, we get some new modular quantizations of horizontal type of u(K(2n+1; 1)). In Section 5, we give another two kinds of Drinfel'd twists and get some new modular quantizations of horizontal type of u(K(2n+1; 1)). Finally, we present some open questions.
Preliminaries
1.1. The generalized Cartan type K Lie algebra and its subalgebra. We recall the definitions of the generalized Cartan type K Lie algebras and the restricted simple Lie algebras of Cartan type from [24, 26] and some basics about their structures.
Let F be a field of characteristic 0.
n ] (n ∈ N) be Laurent polynomial algebra, and ∂ i coincide with the degree operator x i Define W = Der(Q 2n+1 ) = Span F {x α ∂ | α ∈ Z 2n+1 , ∂ ∈ T }. Then W is a Lie algebra of generalized Witt type under the bracket
where ∂(β) = ∂, β = β, ∂ = where 0 = (0, · · · , 0). W is an infinite dimensional Lie algebra over F. Consider the linear map D K : Q 2n+1 −→ W 2n+1 defined by
So we get
It is easy to see that D K is injective. Then for any x α , x β ∈ Q 2n+1 , the Lie bracket becomes
are Lie subalgebras of W. K, K + are simple algebras with basis
, respectively. K is the Lie algebra of generalized Cartan type K ( [24] ).
The
Contact algebra K(2n+1; 1). Assume that char(K) = p, then by definition (see [25] ), the Jacobson-Witt algebra W(2n+1; 1) is a restricted simple Lie algebra over a field K. Its structure of p-Lie algebra is given by
α+β and a convention: 
Then by Theorem 5.5 of [25] , we have
is a Lie p-subalgebra of W(2n+1; 1) with restricted gradation. By definition (cf. [26] ), the restricted universal enveloping algebra u(K(2n+1; 1)) is isomorphic to U(K(2n+1; 1))/I, where I is the Hopf ideal of U(K(2n+1; 1)) generated by 
Moreover, if we define ∆ : A −→ A ⊗ A and S : A −→ A by
] be a ring of formal power series over a field F with char (F) = 0. Assume that L is a triangular Lie algebra over F with a classical Yang-Baxter r-matrix r. (see [4] , [8] ). Let U(L) denote the universal enveloping algebra of L, with the standard Hopf algebra (U(L), m, ι, ∆ 0 , ǫ 0 , S 0 ).
Let us consider the topologically free F[[t]]-algebra U(L)[[t]]
(for definition, see [8] , p.4), which can be viewed as an associative F-algebra of formal power series with coefficients in U(L). Naturally, U(L) [[t] ] equips with an induced Hopf algebra structure arising from that on U(L). By abuse of notation, we denote it by (U(L) [ 
U(L), and F is determined by its r-matrix r (namely, its Lie bialgebra structure).
Drinfel'd twist in U(K)[[t]]
2.1. Construction of Drinfel'd twists. Let L be a Lie algebra containing linearly independent elements h and e satisfying [h, e] = e; then the classical Yang-Baxter r-matrix r = h ⊗ e − e ⊗ h equips L with the structure of a triangular coboundary Lie bialgebra (see [19] ). To describe a quantization of U(L) by a Drinfel'd twist F over U(L) [[t] ], we need an explicit construction for such a Drinfel'd twist. In what follows, we shall see that such a Drinfel'd twist depends on the choice of two distinguished elements h and e arising from its r-matrix r.
For any element of a unital R-algebra (R a ring) and a ∈ R, we set
and then denote
0 . Note that h and e satisfy the following equalities
where m, s are non-negative integers, a ∈ F.
For a ∈ F, we set [17] ) with the two-dimensional carrier subalgebra B(2) such that [H, E] = E, defined by the canonical twisting element
By the proof of [15] , we can rewrite the twist F in Proposition 2.4 as
where [H, −E] = −E. So there is no difference between the twists F and F c J . They are essentially the same up to an isomorphism on the carrier subalgebra B(2). From this Lemma, we are interested in the following two simple cases:
Basic Drinfel'd twists. Take two distinguished elements
Let F (k) be the corresponding Drinfel'd thist in case (i) and F (k; m) the corresponding Drinfel'd twist in case (ii).
Remark 2.9. In case (i): we get n vertical basic Drinfel'd twists
It is interesting to consider the products of some basic Drinfel'd twists, one can get many more new Drinfel'd twists which will lead to many more new complicated quantizations not only over the U(K + Z ) [[t] ], but over the u(K(2n+1; 1)) as well, via our modulo reduction approach developed in the next section.
In case (ii): according to the parametrization of twists F (k; m), we obtain 2n(n−1)
]. We will discuss these twists and corresponding quantizations in Section 4.
More Drinfel'd twists.
We consider the products of pairwise different and mutually commutative basic Drinfel'd twists and can get many more new complicated quantizations not only over the
implies the commutative relations in the case when 1 ≤ k k ′ ≤ n:
which give rise to the following property.
Proof. Similar to the proof of Theorem 2.9 in [28] .
More generally, we have the following 
Quantizations of vertical type for Lie bialgebra of Cartan type K
In this subsection, we explicitly quantize the Lie bialgebra K by the vertical basic Drinfel'd twists, and obtain certain quantizations of the restricted universal enveloping algebra u(K(2n+1; 1)) by the modular reduction and base changes.
Quantization integral forms of the
For the universal enveloping algebra U(K) for the Lie algebra K over F, denote by (U(K), m, ι, ∆ 0 , S 0 , ε 0 ) the standard Hopf algebra structure. We can perform the process of twisting the standard Hopf structure by the vertical Drinfel'd twist F . We need to give some commutative relations, which are important to the quantizations of Lie bialgebra structure of K in the sequel.
a non-negative integer, the following equalities hold in U(K):
To simplify the formulas, let us introduce the operator
, the following equalities hold:
For ℓ ≥ 1, we have (3.5): recalling that for any elements a, e in an associative algebra, one has
Combing this with (3.4), we can get (3.5). (3.6): Use induction on ℓ. When ℓ = 1, we have
This completes the proof.
, and D K (x α ) ∈ K, the following equalities hold
Proof. By (3.1) and (3.2), we have
Thus, we can obtain (3.8).
(3.9): Use induction on s. When s = 1, we have
When s > 1, we have
where the third "=" comes from the following equation followed by (3.3) and (3.4):
If s > 1, we have
Thus, (3.10) holds by induction on s. This completes the proof.
Proof. By Lemma 3.3, we have
This completes the proof. 
] by Drinfeld'd twist F with the product undeformed is given by:
Proof. By Theorem 3.5 and formula (3.3), we can get formula (3.15), and (3.16). By Lemma 2.7, the coefficients in the two formulas are all integers. 2n+1; 1) ), which will lead to the required quantization of u(K(2n+1; 1)), the restricted universal enveloping algebra of K(2n+1; 1).
Quantization of the
Let Z p be the prime subfield of K with char (K) = p. When considering W + Z as a Z pLie algebra, namely, making modulo p reduction for the defining relations of W
. Based on the formulae of Corollary 3.6,
and those in J 1 with 0. Hence, by Corollary 3.6, we get the quantization of U K ′ (2n+1; 1)
as seen in formulae (3.17) & (3.18) as follows.
) with the product undeformed is given by
Proof. Note that the elements
K(2n+1; 1) and those in J 1 with 0. Hence, by Corollary 3.6, we can get
where
Hence, we can get (3.17) . Another formula can be obtained similarly. (2n+1; 1) ).
This means that
Assume 0 ≤ α ≤ τ when 2n+4 0 (mod p), and 0 ≤ α < τ when 2n+4 ≡ 0 (mod p). Denote by I the ideal of U(K(2n+1; 1)) over K generated by 
The above Lemma, together with Theorem 3.7, shows that the required t-deformation of u(K(2n+1; 1)) (if it exists) in fact only happens in a p-truncated polynomial ring (with degrees of t less than p) with coefficients in u(K(2n+1; 1)), i.e.,
p is conveniently taken to be a p-truncated polynomial ring which is a quotient of K[t] defined as
Thereby, we obtain the underlying ring for our required t-deformation of u(K(2n+1; 1)) over K[t]
(q) p , and
Via modulo "p-restrictedness" reduction, it is necessary for us to work over the objects from U t (K(2n+1; 1)) passage to U t,q (K(2n+1; 1)) first, and then to u t,q (K(2n+1; 1)) (see the proof of Theorem 3.11 below), here we used the second base change with
As the definition of [15] , we gave the following description:
p of characteristic p is said to be a finite-dimensional quantization of u(K(2n+1; 1)) if it is obtained from the standard Hopf algebra U(K
] by means of a Drinfel'd twisting, modular reductions and shrinking of base rings, and if there is an isomorphism as algebras u t,q (K(2n+1; 1))/tu t,q (K(2n+1; 1)) u(K(2n+1; 1)).
To describe u t,q (K(2n+1; 1)) explicitly, we still need an auxiliary Lemma. 
Proof. (i) By (3.3) and the proof of Theorem 3.7, we can get (i).
(
For α = ǫ i +ǫ −i , α 0 = 0, we have:
Hence, we prove the first equation of (ii).
This completes the second equation of (ii).
(iii) By Lemma 3.3, (3.6) and (3.7), we have
0, otherwise, (mod p, J).
Based on Theorem 3.7, Definition 3.9 and Lemma 3.10, we arrive at
there is a noncommutative and noncocommutative Hopf algebra structure
p with its algebra structure undeformed, whose coalgebra structure is given by
0 (mod p), and for 0 ≤ α < τ, which is a finite dimensional with dim K u t,q (K(2n+1; 1)) = p
Proof. Set U t,q (K(2n+1; 1)) := U(K (2n+1; 1) (2n+1; 1) ). It suffices to verify that ∆ and S preserve the generators in I t,q of U t,q (K (2n+1; 1) ).
(I) By 3.11, Lemmas 3.8, and 3.10, we have
If α ǫ i + ǫ −i , ǫ 0 for 1 ≤ i ≤ n, we get:
When α = ǫ i + ǫ −i , by Lemma 3.10, we have:
Combing this with 3.22, we have:
When α = ǫ 0 , by Lemma 3.10, we obtain:
Thus, we have:
So the ideal I t,q is a coideal of the Hopf algebra U t,q (K(2n + 1; 1)).
(II)By 3.12, Lemma 3.8, and Lemma 3.10, we have:
By using the similar argument, we have
Thus, the ideal I t,q is preserved by the antipode S of the quantization U t,q (K(2n+1; 1)). (III) It is obvious that ǫ((D
Therefore, by (I), (II), (III), we proved that I t,q is a Hopf ideal of U t,q (K(2n+1; 1)). Thus we obtain the required t-deformation on u t,q (K(2n+1; 1)), for the Cartan type simple modular restricted Lie algebra of K type -the Contact algebra K(2n+1; 1). 
More quantizations. We consider the modular reduction process for the quantizations of U(K
given by the Drinfel'd twists F (k) and F (k ′ ) as in Corollary 3.6,
with the product undeformed is given by
First of all, let us consider the formula of comultiplication
By Corollary 3.6, we can get
On the other hand, we have
So we get the required formula for the comultiplication. Next, we consider the second formula
where 0 ≤ α ≤ τ for 2n+4 0 (modp), and 0 ≤ α < τ for 2n+4 ≡ 0 (modp).
K(2n+1; 1) and those in J 1 with 0. Hence, by Lemma 3.12, we can get
We can see that
Otherwise, B = 0.
n, j . Hence, we get the first formula.
Applying the similar argument, we can get the other formulas. This completes the proof.
Lemma 3.14. For s ≥ 1, one has
Proof. Let us calculate the following
And when
Combing this with (3.23), we obtain
Thus, we show the ideal I t,q is also a coideal of the Hopf algebra U t,q (K (2n+1; 1) ).
(II) By Lemmas 3.8, 3.14 & 3.15, we have
Combing this with (3.24), we have
Hence, we proved that the ideal I t,q is preserved by the antipode S of the quantization U t,q (K(2n+1; 1)).
(III) It is obvious to notice that ε(
Quantization of horizontal type for Lie bialgebra of Cartan type K
In this section, we assume that n ≥ 2.
For
Using the horizontal Drinfel'd twists F (k, m) and the same discussion in Sections 2, 3, we obtain some new quantizations of horizontal type for the universal enveloping algebra of the special algebra K(2n+1; 1).
Use induction on ℓ, we can get
where A j = (−1)
Recall the vertical basic twist of Cartan type H Lie algebra in [28] is given by For h : 
k, |m| ≤ n, m ±k)) using the quantizations of Cartan type H Lie algebra and the formulas
. We have the following theorem which gives the quantization of U(K) by Drinfel'd twist F (k, m).
) with the product undeformed is given by
We firstly make the modulo p reduction for the quantizations of U(K + Z ) in Lemma 4.1 to yield the horizontal quantizations of U(K(2n+1; 1)) over U t (K(2n+1; 1)).
Theorem 4.2. Fix distinguished elements h
where 0 ≤ α ≤ τ for 2n + 4 0 (modp) and 0 ≤ α < τ, for 2n + 4 ≡ 0 (modp). 
,
When ℓ ≥ 1, we have 
Thus we can get (5.3).
As the proof in Section 3, we can also get Lemma 5.2. For a ∈ F, α ∈ Z 2n+1 , and D K (x α ) ∈ K, the following equalities hold
by Drinfel'd twist F (k, 0) with the product undeformed is given by
where A j , B ℓ− j as defined in 5.1. Proof. First of all, let us consider
By Lemma 2.1 & Corollary 3.6, we can get
Set α(ℓ, k ′ , j ′ ) := α+(ℓ− j ′ )ǫ k ′ + j ′ (ǫ 0 −ǫ k ). So, it is easy to see
Thus we have
Thereby, we get the first formula. We can get the other formulas by using the similar argument as Lemma 3.12. This completes the proof. 
Lemma 5.9. Fix distinguished elements h(k)
= D K (x (ǫ k +ǫ −k ) ), e(k) = D K (x (ǫ k +ǫ 0 ) ), h(k ′ ) = D K (x (ǫ k ′ +ǫ −k ′ ) ), e(k ′ ) = D K (x (ǫ k ′ +ǫ 0 ) ) with 1 ≤ k k ′ ≤ n;
Open Questions.
As is well-known, the authors [1] gave a complete classification for the finite-dimensional complex pointed Hopf algebras with abelian finite group algebras (whose orders satisfying some conditions) as the coradicals. This is the most important achievement in Hopf algebra theory during the last decade. However, the new Hopf algebras of prime-power dimensions we obtained above do not belong to the class of pointed ones.
Before concluding the paper, we prefer to propose the following interesting questions for further considerations. Question 1. Assume K is an algebraically closed field with t, q ∈ K. How many non-isomorphic (non-pointed) Hopf algebra structures can be equipped on the universal restricted enveloping algebra u(K(2n+1; 1))? How to classify the non-pointed Hopf algebras of the given prime-power dimension? Question 2. What are the conditions for u t,q (K(2n+1; 1)) to be a ribbon Hopf algebra (see [15] and references therein)? Question 3. It might be interesting to consider the tensor product structures of representations for u t,q (K (2n+1; 1) ). How do their tensor categories behave?
